We design a dual-band nonlinear composite right-left handed transmission line with phase-matching achieved between the fundamental frequency and second harmonic when both interacting waves have zero phase velocity. Additionally, we show that such a transmission line supports a new regime where the generation of backward second harmonic waves is achieved from a backward fundamental frequency wave. © 2011 American Institute of Physics. ͓doi:10.1063/1.3580616͔
Nonlinear processes in media supporting backward ͑or "left-handed"͒ waves are very unusual. For example, it is possible to generate second harmonics ͑SHs͒ in the direction of reflected waves; 8 this is in a sharp contrast to what happens in typical quadratically nonlinear materials, where the generated SH propagates in the same direction as fundamental frequency ͑FF͒. In this letter, we study two new regimes of SH generation. First, we achieve phase matching between two frequencies having zero phase velocity. The regime of zero phase velocity waves is analogous to the epsilon-near zero metamaterial. 9 We experimentally demonstrate SH generation with both the FF and SH meeting the zero phase velocity condition. Second, we study SH generation for the case when both FF wave and SH are backward waves. We experimentally measure the dispersion properties of the designed transmission lines to confirm that the phase matching conditions are satisfied. This is performed using a highresolution spectral analysis method 10, 11 applied to the measured near-field distribution in the vicinity of the transmission line.
Our design is based on the concept of a balanced CRLHTL, 1 which has a constant impedance, and continuous dispersion which crosses the zero-phase velocity axis at one frequency with no band gap.
1 In order to obtain zero phase velocity at the SH frequency while satisfying the balanced condition, we use a dual-band CRLHTL design. [12] [13] [14] [15] [16] We start with the equivalent circuit shown in Fig. 1͑a͒ , where we have chosen an asymmetric unit cell to minimize the number of lumped components required. The method for determining the component values for the equivalent circuit was based on the analysis from Ref. 15 , modified slightly to take the asymmetry of our circuit into account. 12 The first constraint is that the unloaded resonant frequency of each LC pair must be identical, or menting the series capacitances using Skyworks SMV1405-79LF varactor diodes. This fixes C hs and C hp to be multiples of the diodes' zero bias capacitance of 2.7 pF. Under these constraints, we derive the equivalent circuit parameters given in Table I . The linear dispersion of our equivalent circuit model is calculated using the scattering parameters of one unit cell as follows:
ͪ.
͑3͒
The resulting dispersion curves calculated for our structure are shown in Fig. 1͑b͒ , demonstrating zero phase velocity points at 1 and 2 GHz.
To facilitate experimental realization, we seek to replace most of the components of the equivalent circuit with distributed elements. In order to construct corresponding distributed transmission line components, we use an implementation similar to those presented in Refs. 13, 14, and 16. Our unit cell is depicted in Fig. 2͑a͒ , where TL1 replaces L hs , TL2 is terminated to ground with a via and replaces L vp and C vp , TL4 replaces L vs , TL5 replaces C vs , and TL3 is introduced to facilitate layout of the circuit. We use 1.6 mm FR4 as the dielectric substrate, modeled as having a dielectric constant of 4.6. Using the Line Calculation function of the QUCS ͑Ref. 17͒ circuit simulation software we find the geometry of the microstrip segments given the characteristic impedance and effective index of a transmission line. Using the T equivalent circuit 18 of the transmission line we can relate the characteristic impedance and effective index to the series inductance and shunt capacitance of each line segment.
We iteratively replace the components of the equivalent circuit model with distributed elements. Since each section of inductive transmission line also has some parasitic capacitance, and vice-versa, each replacement introduces unwanted parasitic components into the equivalent circuit model. Therefore we perform a manual adjustment of other circuit parameters to maintain the balanced condition for both crossings. L hp is kept as a lumped element since a microstrip implementation would require very thin track widths.
The resulting unit cell structure is then simulated to find its dispersion properties. The conversion from the equivalent circuit to the microstrip implementation results in a shift in the frequencies with zero phase velocity away from those specified. We perform a numerical optimization with the QUCS ͑Ref. 17͒ circuit simulator to adjust L hp and the transmission line dimensions to restore the zero phase velocity condition at 1 and 2 GHz. We note that this process does not guarantee that the Bloch impedance remains matched. The resulting transmission line dimensions are given in Table II , and L hp was implemented with Tyco Electronics 2.2 nH chip inductors.
We fabricate structures with 1 and 11 unit cells, using photolithography to define the tracks and manually soldering in the lumped components. We perform experimental measurements of S-parameters of a single unit cell using a Rohde and Schwarz ZVB20 vector network analyzer ͑VNA͒, and compare these against the S-parameters obtained from simulations. Results are shown in Fig. 2͑b͒ and they demonstrate an excellent agreement between simulated and measured S-parameters. In Fig. 3͑a͒ we show a photograph of the fabricated structure with 11 unit cells.
Next we study the phase-matching required for efficient harmonic generation, based on the experimentally measured dispersion of the transmission line. To measure the dispersion, we use high resolution spectral analysis method, 11 which analyzes the distribution of the electromagnetic field in the structure. The field distribution is measured using a near-field probe positioned 1 mm above the transmission line. The near field probe is mounted on an automated translation stage, which allows the amplitude and phase of the ͑b͒ Dispersion of the 11-cell structure ͑points͒, overlaid with the simulated dispersion ͑lines͒. Right plot shows the residual error for dispersion retrieval.
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Somerville, Powell, and Shadrivov Appl. Phys. Lett. 98, 161111 ͑2011͒ field distribution along the structure to be measured at all desired frequencies. The transmission line is excited by the VNA and S 21 measured at each point along the structure is proportional to the local electric field. The dispersion is extracted by fitting forward and backward propagating Bloch modes to the measured data 11 and is shown in Fig. 3͑b͒ . We compare the experimental results with simulated data and observe excellent agreement. The residual error is also shown, and is quite low at the frequencies of interest, thus giving confidence in the experimentally extracted dispersion curves. Due to manufacturing imperfections and the uncertainty in the dielectric constant of FR4, we observe small band gaps opening near 1 and 2 GHz, as indicated by the peaks in the imaginary parts of the wave number ␤.
Having determined that the phase matching conditions are well satisfied, we study harmonic generation in our structure. To excite the transmission line, we use a signal generator ͑Rohde and Schwarz SML-03͒, and the spectrum of the transmitted signal is measured using a Rohde and Schwarz FSV30 signal analyzer. For fixed input frequency the input power is varied and the power output is recorded at the FF and SH. We observe clear enhancement of the harmonic generation in the two regimes of interest: at 1.039 GHz, corresponding to phase matching between waves with zero phase velocity, and at 823 MHz, corresponding to phase matching between two backward waves. The results for the transmitted SH and fundamental frequencies are shown in Fig. 4 . At lower power, we observe a clear quadratic dependence of generated SHs on the FF amplitude-as shown by the lines. For larger powers, the generated SH grows more slowly since a significant amount of energy is being transferred to higher order harmonics. Interestingly, at high enough powers for the case of backward-to-backward harmonic generation we observe a sharp drop in both transmitted FF and SH caused by sharp enhancement in generation of higher-order harmonics.
In conclusion, we designed a transmission line for SH generation, which allows phase-matching between two zero phase velocity waves, as well as between two backward propagating modes. We fabricated the transmission line, and studied its dispersion properties. We showed experimentally that phase-matching is achieved, both for two zero phase velocity waves, and for two backward waves. This leads to strong SH generation in the structure. 
